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Abstract-A general formulation of large deformation analysis of plastic and viscoplastic
problems is presented first. The equilibrium equations are derived from an incremental varia
tional formulation using the Lagrangian mode of description of motion. The symmetric Piola
Kirchhoff stress and Lagrangian strain are used in all the constitutive relations. Using degenerate
isoparametric elements, permitting relaxation of the Kirchhoff-Love hypothesis, the procedure
is specialized for the finite element analysis of shells of revolution subjected to axisymmetric
loading. A modified incremental method, which applies an equilibrium correction at each step, is
used for the solution of the linearized incremental equilibrium equations. Two approaches are
presented for adapting the viscoplasticity formulation to provide inviscid plasticity solutions
one involving the extrapolation of results as the viscosity coefficient tends to infinity, and the
other in which plasticity solutions are obtained by using time as an artifice in the viscoplastic
analysis until equilibrium states are achieved at each succeeding load level. A detailed study of
the nonlinear behavior ofa torispherical pressure vessel is presented to illustrate the effectiveness
of the numerical techniques.

1. INTRODUCTION

The finite element method has been used successfully in recent years in the development of
efficient numerical techniques for the nonlinear analysis of deformable bodies. Several
authors have considered the combined effect of material and geometric nonlinearities,
notable among these being Marcal[l], Yaghmai[2], Hofmeister et al.[3] and Larsen[4].
However, very little attention has been paid to the study of practical problems involving rate
dependent deformations. The classical inviscid plasticity theory is inadequate for dealing
with such problems and recourse must be made to theories reflecting strain rate sensitivity.
Constitutive laws have been proposed by several authors for rate sensitive materials.
These have been summarized and discussed by Perzyna[5], Lindholm[6] and Cristescu[7].
Although many experimental studies have been reported[8-12], application of finite element
methods to this class of viscoplastic problems is lagging far behind and literature in this
field is almost nonexistent, except for the work of Zienkiewicz and Cormeau[13] which
studies some simple problems.

A general formulation is presented herein for the large deformation analysis of plastic and
viscoplastic problems. Virtual work expressions written using the Lagrangian mode of
description of motion lead to the incremental equilibrium equations. The classical inviscid
theory of plasticity using von Mises yield criterion as well as the viscoplastic laws taking
into account strain rate dependent deformations are both considered. While the tangent
stiffness method is used to treat elastic-plastic problems, an initial strain approach is used to
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take into account viscoplastic material behavior. The finite element idealization is based on
the degenerate isoparametric elements, permitting relaxation of the Kirchhoff-Love Hypo
thesis, and the numerical method presented is specialized for the analysis of shells of
revolution under axisymmetric loading. An equilibrium correction is used at each step to
improve the accuracy of the incremental solution procedure. The nonlinear behavior of a
torispherical pressure head subjected to uniform internal pressure is studied and elastic
plastic as well as elastic-viscoplastic solutions are presented to demonstrate the effectiveness
of the numerical techniques. The procedures for obtaining elastic-plastic solutions using the
viscoplasticity formulation are also shown to yield very good results.

2. KINEMATICS

The path of deformation of a three-dimensional body may be described by considering the
three configurations shown in Fig. I. The initial configuration is denoted by Bo, the current
by B 1, and a neighboring configuration to B 1 is indicated by B2 • A fixed, orthogonal cur
vilinear coordinate system with coordinates Xl and base vectors GI is associated with con
figuration Bo , while B1 is described by Xi and gi, and B2 by X~ andg~, all the indices having
the range 1 to 3. The coordinate system Xl will be assumed to be a global system in which
the motion is described.

INITIAL CONFIGURATION

Xl -..J'--_",,"

CURRENT CONFIGURATION

8,

• FINAL" CONFIGURATION

Fig. 1. Description of motion-Configurations of a body in its path of deformation.

The position of a generic material point in Bo , B1 and B2 is described by X, x and X,
respectively, where

x = X + 10

X = X + 20 = X + 20 - 10 = X + o.

(la)

(lb)

Here 20 and 10 are the total displacement vectors in B2 and B1, respectively, and 0 the
incremental displacement from B1 to B2 • In this notation, the Lagrangian strain in B1 is
definedt as

(2a)

t For the sake of simplicity, rectangular Cartesian coordinates are used when component forms are
written; capital indices indicate that components are relative to Bo .
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Similarly, the Lagrangian strain in B2 can be written as

22E _ 2 + 2 2 2
lJ- UI,J UJ,I+ UK,I uK,J'

3

(2b)

The strain increment from B1 to B2 , referred to the initial configuration Bo , is obtained
simply as

(3)

Substituting Equations (2a, 2b) into (3), and using the relation 20 = 10 + 0 from (lb), one
can get

The strain increment EIJ may be decomposed into

ElJ = eIJ + 17[J

where elJ and 17lJ are the linear and nonlinear parts, respectively, and are defined as

2 11
elJ = UI,J + UJ,I + UK,UK,JI + UK,I UK,J

217IJ = UK,lUK,J'

(4)

(5)

(6a)

(6b)

3. INCREMENTAL EQUILIBRIUM EQUATIONS

The incremental equations of equilibrium are derived by taking the difference between the
virtual work expressions in configurations B2 and B 1 written with respect to a common
reference state. The Lagrangian mode of description of motion is used in this paper, and
involves the use of initial configuration Bo as the reference state. The details of derivation
may be found in Refs.[14-16]. Neglecting inertia and body forces, the incremental virtual
work expression may be written as[l6]

(7)

where It, 2t are traction vectors in B1 and B2 , respectively, and OBi refers to the surface of
B i where surface tractions are specified. d V is the volume element in Bo, da, dv are the
infinitesimal surface and volume elements in B 1 , and the equivalent elements in B 2 are
denoted by da, du. The increment in the symmetric Piola-Kirchhoff stress tensor is defined as
S = 2S - IS and obtained in terms of E through a linear transformation tensor C, i.e.

S = CEo (8)

Since S is nonlinear in 0, substitution of Equation (8) into (7) results in nonlinear equilib
rium equations. A linearized form of (7) is obtained when E is replaced by e in (8). The
internal stress field obtained using the linearized equations does not necessarily equilibrate
the applied loading. The out-of-balance force may be accounted for, and improved con
vergence obtained, by adding a residual loading term to the right-hand side of Equation (7)
which then becomes

(9)
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(lOa)

(lOb)

where the second integral on the right-hand side represents the force which equilibrates the
internal stress field. In the displacement formulation of the finite element method, the left
hand side gives rise to the well-known incremental and geometric stiffness matrices.

The first integral on the right-hand side represents the applied loading in configuration B 2 .

This integral must be transformed from oB2 to aBo and specialized for the cases of conserva
tive and nonconservative loading. 1 nis problem has been discussed earlier [16-18]. Assuming
the displacement increments 0 to be small compared to 10 , and the rotations associated with
o to be small compared to unity, this integral is transformed[16] for nonconservative
loading of the pressure type into

f Po 2 ~ (ax] ax] oXM aUK)- puu ------- N]dA
aBo P t OXr aXKax] aXM

and for conservative loading into

f s: 2- (ax] aXJoXMaUK)
UUt tJ ------- dA

aBo aXr aXKaXJ aXM

Here 2p is the pressure on a surface element in B 2 and 21J the components of 21, the traction
vector in B 2 measured per unit area in Bo , relative to the convected base vectors in B 2 •

The second terms in the parentheses of the two expressions are linear in 0 and give rise to
additional stiffness terms which are nonsymmetric. For most engineering applications, the
norms of these terms are small compared to the norms of the stiffness terms in Equation (9).
Hence their effect on the total stiffness of the system is small and they are neglected from
further consideration, especially in view of the significant additional computational effort
needed to solve a set of equations with nonsymmetric coefficient matrix.

3.1 Modification of virtual work expression for viscoplasticity

The application of the incremental virtual work expression of equation (7) for viscoplastic
material behavior is based on the following assumptions:

(i) The additive decomposition law is valid for the Lagrangian strain rate tensor, i.e.

(II)

where EJJ , the instantaneous strain rate, and E~~, the viscoplastic strain rate, are assumed
to be defined by constitutive relations and not given kinematic interpretation. For suffi
ciently small time steps, a similar equation is valid for strain increments. Although additive
decomposition of strain rates is not the only method of decomposing kinematic variables,
it is the most convenient form for use in a Lagrangian description. A comparative discussion
of the many different approaches toward the kinematic decomposition of finite inelastic
deformations has been presented by Larsen[4, 19].

(ii) There exists a linear relationship between the increment of Piola-Kirchhoff stress and
the instantaneous strain increment, i.e.

(12)

The instantaneous strain increment E;J equals the elastic strain increment EfJ in the case
of viscoplasticity. E~~ vanishes for problems in classical inviscid plasticity wherein the
increment in instantaneous strain rate is decomposed into elastic and plastic components,
i.e.

(13)
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The viscoplastic strain rate is assumed to be independent of the stress rate and the
viscoplastic strain increments are taken into account in the equilibrium equations in terms
of an initial strain formulation. Combining equations (11, 12) gives

SlJ = CIJKL(EKL - Ern = SfJ - Sri (14a)

where

(l4b)

may be defined as the instantaneous and viscoplastic stress increments, respectively, and
possess the same invariance properties as SlJ. The incremental virtual work due to the
internal stress field may then be modified by the substitution of equation (14a) for the stress
increment SIJ into the left-hand side of equation (7), i.e.

bW2 - bWt = J [SLbEIJ + eSIJ - SjJ')b'7IJ - Sj!beul dV. (15a)
Bo

It can be seen from equation (15a) that a viscoplastic pseudo-loading term as well as a
contribution to the geometric stiffness arise as a result of consideration of the viscoplastic
strain in the formulation. If the linearized form given in equation (9) is used instead of (7),
one obtains

bX2 - bWt = f [SIJbelJ + tSIJ b'7IJ - sj! beIJ] dV (ISb)
Bo

which exhibits only the viscoplastic pseudo-loading term as a result of the initial strain.

4. INCREMENTAL CONSTITUTIVE RELATIONS

The incremental expression of virtual work given in equation (9) is not restricted to any
particular constitutive laws of material behavior. The next step in the theoretical formulation
is to obtain incremental constitutive laws in terms of the Lagrangian strain tensor and the
2nd Piola-Kirchhoff stress tensor to be used in conjunction with the virtual work expression.

4.1 Elasticity

The incremental constitutive equations for an elastic continuum are well known and take
the form

(16)

where the stress-strain transformation tensor for isotropic, linear elastic materials is given by

CIJKL = EUKL = J1(bIK bJL + b/L bJK) + Abu bKL

with A and J1 being the Lame constants.

(17)

4.2 Plasticity

The incremental theory of plasticity, using the associated flow rule with von Mises yield
condition and isotropic hardening, is adopted in this paper as the basis for establishing the
constitutive equations for plastic strain increments. The extension of the infinitesimal
theory of plasticity to the special case of small strains, large rotations is based on the use of
the 2nd Piola-Kirchhoff stress and the postulate that the physical components of the
Cauchy stress tensor in surface coordinates of the deformed shell are approximately equal
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to the components of the P-K stress in the undeformed configuration[4]. It follows from
this that the mathematical representation of the yield function is the same in both the Cauchy
and P-K stress spaces.

For an initially isotropic material, the von Mises yield condition in the current configura
tion HI is expressed as

(I8a)

or

(I8b)

where the yield function depends on J2 , the second invariant of the deviatoric stress tensor
1SU , and k, the yield stress in pure shear. Using isotropic hardening, the subsequent yield
surfaces can be written as

(I 9)

(20a)

where H is a hardening parameter. This parameter may also be expressed in terms of the
strain hardening parameter[20] which can be determined from uniaxial tension test.

Following[20], it is possible to obtain an expression for the incremental plastic strains in
terms of the increments in total strains by combining the associated flow rule

1'P af·Eu = Y-al ; Aa non-negative scalar,
SIJ

the consistency condition

ap af p

df= a1s SIJ + alEP EIJ = 0
JJ U

and the generalized Hooke's law

Su = EIJKLEfL = EUKL(EKL - EiL)'

The resulting equation has the form

EfJ = AIJKLEKL

where the transformation tensor AUKL is given by

and

-1 af af af af
h = als ars- EUKL - als alEP ,

lJ KL IJ IJ

(20b)

(2Oc)

(2la)

(2lb)

(2lc)

Finally, substituting equation (2la) into (20c), the incremental stress-strain law is obtained
as

(22a)

where

(22b)
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For von Mises yield condition and isotropic hardening, the expressions in equations
(2Ib, 22b) can be simplified to

(23)

and

(24)

(25)

(26)

2(1 + v)(l - () J--
where h = E[3 _ W _ 2v)]' , = Et/E, and (j = 3J2 , the equivalent stress.

In addition to the constitutive relations, it is also necessary to define a loading/unloading
criterion. Depending on the state of stress, the yield function f is computed and an elastic
state is indicated iff < 0 and a plastic state iff = 0; f > °constitutes an inadmissible state
in the theory of plasticity. Associated with the plastic state f = 0, three types of behavior
are recognized, viz. loading, unloading and neutral loading which are characterized by
!> 0,1 < °and! = 0, respectively.

4.3 Viscoplasticity

The uniaxial behavior of a viscoplastic material was described by Malvern[21] in terms
of a reference static stress-strain function. The viscoplastic strain rate was considered to be
proportional to the excess stress above this reference, the proportionality factor being a
function of the material viscosity. Lubliner[22] proposed a squasilinear differential form of
constitutive equation that contained as special cases the rate-dependent theories of Soko
lovsky[23] and Malvern[21], as well as the rate-independent theories of van Karman[24]
Rakhmatulin[25], and Taylor[26]. Also Lubliner modified Malvern's theory by imposing a
limiting maximum dynamic stress-strain curve. Perzyna[27] gave a multiaxial form of
Malvern's law by the generalization of a more restricted viscoplastic law introduced by
Hohenemeser and Prager[28]. Perzyna and Wojno[29] extended the multiaxial theory to
finite strains. The basic assumption of all these theories is that viscoplastic deformations
occur only when a certain threshold static yield surface is exceeded and below which the
response is purely elastic. Linearized versions of these viscoplastic laws have been used for
the analytical solution of some simple cases[30, 31], but more complex problems may be
considered by the use of numerical techniques such as the finite element methods.

Following Perzyna, the viscoplastic strain rate is assumed to be given by

leVP = y- < <I>(§') >~
lJ 81S

lJ

where y is a material viscosity co-efficient, and §' a scalar yield function. In terms of the
static loading surface, equation (19), the function §' is expressed as

QC FCSIJ) - HCEjJ) f
$' = =-.

NHeEjn H

The expression for the viscoplastic strain rate, equation (25), assumes that the material
obeys the von Mises yield criterion with isotropic hardening and associated flow rule for
static deformations, and equation (26) implies that the visco-plastic strain rate depends on
the amount by which the static loading surface is exceeded. The notation <>in equation (25)
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when <I>(ff) > 0
when <I>(ff) S O.

(27)

In other words, viscoplastic deformation occurs only when <I>(ff) exceeds zero. Different
functional forms have been proposed[32] for <I> to describe the process and the simplest form
is chosen in this study, viz.

<1>(ff) = ff. (28)

It should be noted that ff > 0 constitutes an inadmissible state in the theory of inviscid
plasticity (the plastic state being identified by ff = 0) but in viscoplasticity ff > 0 is admis
sible and indicates viscoplastic flow. Using equations (26, 28) in (25) and introducing the

. of 31SIJ .. . .
expresslOn[20], ::lIS = J-' for the partial denvative, one obtams

u IJ 2 3J2

IE'vP _ _(J3J2 - H) 3
1
SIJ _ J3 Y (J3J2 - H)I-

IJ -y -=----- Su
H 2J3J2 2 H!J3 J3J2

or,

where

when

when

J3J2 _ 1> 0
H

J3J2 -1 < 0
H - (29)

A dynamic yield criterion can be obtained by squaring both sides of equation (29).

2 ( H)2I 'VPI 'VP Y 1- l-
Eu ElJ = H2!3 1 - J3J

2
SlJ Su

or

and

or

(30)

(31)J- YJ- (J/z)3J2 = H 12 + H = H -Y- + 1

where 12 is the second invariant of the viscoplastic strain rate tensor, and equation (31)
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represents and expanded yield condition for rate-sensitive materials. It is clear that as
y --+ 00, equation (31) reverts back to the static von Mises yield condition. Equation (29) can
now be written as

(32)

(33)

Since from equation (30) Jlz = :Fy, one gets

1'VP Y ( :F )1-E[J = HlJ?, 1 +:F SlJ

Again, as y --+ 00, it is seen from equation (32) that these equations represent inviscid
plasticity with,), = J312/H. Thus the usefulness of this viscoplastic model is not limited to
rate-sensitive behavior alone but can also be taken advantage of to obtain elastic-plastic
solutions for quasi static cases. An alternative procedure towards this same end is presented
in Section 4.3.1 and both methods are demonstrated in the numerical example.

The computational scheme for viscoplastic analyses can now be described. Each load
increment applied on the body produces an instantaneous elastic strain, and the corres
ponding stress increment can be computed as

(34)

This increment is added to the total stress and the scalar function :F is computed. If :F ~ 0
no viscoplastic deformations occur. If :F > 0 the viscoplastic strain rates are computed as
per equation (33), and the increments in viscoplastic strains, for sufficiently small time
increments, are simply

Erl = 1trI dt. (35)

The total equivalent viscoplastic strain is computed and the new value of H, the hardening
parameter, is found using the uniaxial static stress-strain curve. The viscoplastic stresses are
computed as

srI = ElJKLE~f

and the stress increments can be written as (see equation 14a)

S[J = siJ - SrJ = sf! - srI
and the total stresses are

(36)

(37)

(38)

The viscoplastic strain increments are then treated as initial strains as discussed in Section 3.

4.3.1 Use of viscoplasticity for plasticity solutions. It was shown in the previous
section that the viscoplasticity equations degenerate to give inviscid plasticity results as the
material parameter y tends to infinity. An alternative approach is to use any arbitrary value
of y but make use of time as an artifice and let an equilibrium plastic state, :F = 0, be
attained as a result of "viscoplastic" deformations. The instantaneous response in this
procedure is purely elastic and the resulting state of stress might fall outside the static yield
surface, see Fig. 2. This creates the situation where :F > 0 which is inadmissible in classical
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O"z • VISCOPLASTIC't CREEP)

STATE F=O A L
-- --~. F>O

STATE OF STRESS
AFTER
INSTANTANEOUS
LOADING

---I----¥=----+---...... 0"\

Fig. 2. "Viscoplastic" deformations leading to a steady state plasticity solution.

plasticity but not in viscoplasticity. Now, "viscoplastic" deformations are allowed to take
place with time and gradually the stresses are redistributed until the state of stress at no
point exceeds the yield surface, i.e. ff' = 0, Fig. 2. The resulting equilibrium state is then the
rate-independent elastic-plastic solution for the given problem.

5. FINITE ELEMENT ANALYSIS

The degenerate isoparametric shell element[33] is used in the present study for the finite
element discretization of the structure. Rather than considering complicated kinematic
relationships involved in shell theories, the element is assumed to be part of a solid, thus
permitting the use of simple strain-displacement relations from three-dimensional theory of
elasticity. Shear deformation is permitted in the element through relaxation of the Kirchhoff
Love hypothesis and the kinematics of the element is based on the assumption that plane
sections initially normal to the middle surface remain plane, but not necessarily normal. In
addition, the displacement normal to the middle surface is assumed to remain constant
through the thickness.

Inclusion of shear deformation in the element permits both thin and moderately thick
shells to be considered. However, special integration schemes are required[34, 35] in the
case of thin shells to avoid errors arising from the existence of shear deformations in pure
bending modes for the lower order elements. The excessive strain energy in shear is less
important in the case of higher order elements, and an element with cubic displacement
field, Fig. 3, which found successful application in axisymmetric shell analysis[4, 16], has
been employed in the present study.

5.1 Geometric representation

The geometry of a cubic axisymmetric element, Fig. 3, is described by means of a coordin
ate transformation[32]

(39)

where ¢i(~) are the interpolation polynomials, hi the thickness at node i, and (Ji the angle
between the r- and 17-axe~ as shown in Fig. 3. The local natural coordinates (~, 17) of any
point within the element are such that - I :::; ~ :::; + I and '- I :::; 17 :::; + I. While the ~-axis

bisects the shell thickness, the 17-axis is simply defined as an axis along which ~ = 0. The
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Z,W t, U z

a.fi
1- i!f--+Ui

(Ui, Wi ,aj 1D.O.F. AT NODE i
(rj,zj,8,lGLOBAL COORDINATES OF NODE i

L..- -. r ,U

Fig. 3. Geometry of a cubic element, coordinate systems, and degrees of freedom.

outer and inner faces of the element are defined by '1 = + I and '1 = -1, respectively. For
1 1

the cubic element employed here, the nodes are located at ~ = - 1, -:3' + :3' + 1 and the

interpolation polynomials are given by

¢, .,«) ~ ~ (1 H)(-1 +9('l}.
cPZ,3m = 16 (1 + 3~)(l - ~Z)

(40)

5.2 Displacement field

The global displacements (u, w) at any point (~, '1) are given by the displacement field

(41)

which may be used for both the displacement increment u and the total displacement l U. The
three degrees of freedom at any node i are the displacements ui, Wi and the rotation ai of the
plane section defined by the angle ei, see Fig. 3. The first term in equation (41) represents the
mid-surface displacement and the second term, the effect of the rotations ai at the nodes on
the global displacements at any point (~, '1) within element.

5.3 Strain-Displacement Matrices

The details of the finite element formulation using degenerate isoparametric elements may
be found in[4, 36] and only an outline is presented here. In a local orthogonal coordinate
system (s, t), Fig. 3, the linear part of the Lagrangian strain increment between configura
tions B 1 and Bz is related to the displacement gradients by means of a transformation
matrix [A], i.e.

(42)
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with Ub U2 being the displacements relative to this local system (s, t). Recasting equation (6a)
into

2eu = «(jKI + IUK,I)UK,J + «(jKJ + IUK,J)UK,I

one may write an expression for [A] as

( alul ) 0 0
alU2

1+-
us as

[A] = (l (1 + I;) 0 0

alUI
0 ( alul ) (I + lett)1+-

at as

(43)

(44)

where lett is the physical component of normal strain computed not from kinematics but
from constitutive relations condensed using the generalized plane stress conditions for
axisymmetric deformations[4].

The vector of displacement gradients is obtained in terms of the displacement increment
{u} by

whence

{e} = [A][B]{u}.

(45)

(46)

The transformation matrix [B] consists of gradient operators with respect to configuration
Bo and consequently remains unchanged throughout deformation history; the transforma
tion matrix[A], on the other hand, reflects the effect of prior deformations.

The nonlinear part of the strain increment, using equation (6b), is obtained as

(
aU)2 (OU)2

{

IJSS) _ 1 a: + 2 a:
1700 - 2 (ujr)

n OUI aUISI __

as at

which can be represented symbolically as

I
{IJ} = 2{uV[H]{u}

The matrix operator [H] is composed of three submatrices, i.e.

These submatrices are given by

(47)

(48)

(49)

In this equation, [ns.], [nOB] and [nsl ] are 4 x 4 matrices consisting of zero elements except
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for the following elements which are unity-[nss] 1 ,1 and 4, 4, [nOOh,2 and [nSI]l,3' The
operator [H] depends only on [B] and, hence, remains unchanged through the deformation
path.

5.4 Stiffness matrices, load vectors

The stiffness matrices and load vectors are obtained, following the methodology of the
finite element method, using the linearized incremental virtual work expressions together
with strain-displacement and stress-strain relations. Using equations (9, 46,48) and neglect
ing the stiffness due to load (equation lOa, b), one may obtain the incremental and geometric
stiffnesses, [Ko] and [KG]' respectively, as

+1 +1

[Ko] = 2n f f [B]T[Af[C][A][B]r(~, 1'/) dl'/ d~ (50)
-1 -1

+1 + 1

[KG] = 2n f f {lSf[H'" ;,1'/) dl'/ d~ (51)
-1 -1

where
[W·,T - ~-:. ,: [11 00 ] : [Hst ] + [Hstf]

The applied pressure-type I()::!c";g IS given by

eR}=2n j' _2pPO[lF-1]T{N}r(~)d~
• - i P

(52)

where PF] is the matrix of deformation gradients in configuration B 1 relative to Bo , and N
the vector containing components of the outward normal N. The internal nodal resisting
forces required to equilibrate the internal stress field is

+ 1 + 1

{IF R
} = 2n f f [Bf[Af{l S}r(~, 1'/) dl'/ d~. (53)

-1 -1

Finally, in the case of viscoplastic analysis, the last term in equation (I5b) gives rise to
additional viscoplastic pseudo-loading and is given by

+1 + 1

{RVP} = 2n f f [Bf[Af{SVP}r(~, 1'/) dl'/ d~
-1 _1

(54)

where {SVP} is the time-dependent Piola-Kirchhoff viscoplastic stress increment computed
using equation (I4b).

Numerical evaluation of these integrals is achieved most efficiently by carrying out the
integration over the shell thickness separately. This can be achieved by proper decomposition
of kinematic and stress quantities that depend on both ~ and 1'/. While integration along the
meridional direction is performed using Gaussian quadrature, it is advantageous to use
Simpson integration in the transverse direction since it is capable of detecting the onset of
yielding promptly in the case of elastic-plastic deformation.

6. SOLUTION METHOD

The incremental finite element equations of equilibrium are obtained as

([Ko] + [KG]){u} = eR} - {lFR
} + {RVP}. (55)

The equations are solved repetitively using Gaussian elimination to give a modified incre
mental solution that takes into account the lack of equilibrium at any step in the manner of
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a one-step Newton iteration scheme. In elastic-plastic analyses the stress-strain transforma
tion matrix [C] is updated at each step for use in the computation of elastic-plastic incre
mental stiffness whereas the elastic stress-strain transformation [E] is used throughout in
viscoplastic analyses. The load at any step is specified as a fraction of the total applied load
and the internal resisting force vector {lF R

} is subtracted to obtain the incremental load
vector. In the case of viscoplastic analyses the load factors are given as a function of time and
the incremental solution is advanced by specified time increments during each step.

The use of time in viscoplastic analyses as an artifice for obtaining elastic-plastic solutions
requires the application of a number of time steps at a constant load level until an equilib
rium state is reached. These time steps must be such that the viscoplastic strain increment at
any point in a body is not greater than 10 to 20 per cent of the accumulated strain at any
instant, failing which stability problems may arise in the solution algorithm. A possible
scheme for automatic selection of time steps is presented in the work of Zienkiewicz and
Cormeau[13].

7. NUMERICAL EXAMPLE

The theory presented in this paper has been applied to develop computer programs for
nonlinear elastic-plastic and elastic-viscoplastic analysis of axisymmetric shells subjected to
axisymmetric loads. The case of a torispherical pressure head under uniform internal pres
sure is taken up here to serve as an illustrative example. The shell is shown as an insert in
Fig. 4 and the pertinent dimensions are indicated therein.
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Fig. 4. Elastic-plastic analysis of torispherical pressure head.
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7.1 Elastic-plastic analysis ,

The material was assumed to be elastic-perfectly plastic and to have the following
properties : Young's modulus E = 30 X 106 psi, Poisson's ratio v = 0.3, and yield stress
(Ty = 30,000 psi. A total of 20 finite elements were used to discretize the shell from the apex
to the support. Eight equal elements were used over the sphere, eight equal elements over the
torus and four elements over the cylindrical portion. Four Gaussian integration points were
used in the meridional direction and eleven Simpson points across the shell thickness. Very
refined load increments of 5 psi were applied in the nonlinear range in order to obtain an
accurate solution.

This shell was studied earlier by Yaghmai[2] using the incremental formulation based on
moving reference configuration, and by Larsen[4] who used a Lagrangian formulation. The
load-deflection curve for the apex displacement is plotted in Fig. 4 and compared with the
results of Yaghmai (l1p = 7.5 psi) and Larsen (l1p = 10 psi). The linear solution given by
Yaghmai is also plotted in the same figure. The present results indicate that the nonlinear
behavior of the shell is softer than predicted in the earlier works. This is due to the use of
smaller load steps which enable the softening of the system due to plasticity to be more
accurately taken into account. However, the load-carrying capacity is still considerably
higher than in the linear analysis and can be taken advantage of in the design of such
structures.

7.2 Elastic-viscoplastic analysis

The elastic-viscoplastic behavior of the pressure head was studied next, assuming the
same elastic-perfectly plastic material properties used earlier to represent the reference
static stress-strain curve. The finite element discretization was also the same as in the
case of the elastic-plastic analysis.

Solutions were obtained for four different values of the material viscosity coefficient y
(from 400 to 5000 sec -1) and the internal pressure was applied at the rate of 10 x 106 psil
sec. Inertia effects were neglected but geometric nonlinearities were included in the analyses.
Figure 5 shows the plots of internal pressure vs apex deflection for these viscoplastic analyses
and also the elastic-plastic solution obtained in Section 7.1. It can be observed that, at
lower values of )', the viscoplastic solutions are stiff and indicate higher load-carrying
capacity (tending toward elastic behavior as )' approaches zero). However, as )' increases the
solution comes very close to the elastic-plastic solution, as may be expected from the dis
cussion in Section 4.3. The two methods of obtaining elastic-plastic solutions using the
viscoplasticity formulation were also pursued and the results are discussed in the following
sub-section.

7.2.1 Elastic-plastic solutions using viscoplasticity. Elastic-viscoplastic solutions are
presented in Fig. 5 for four different values of y. Since an elastic-plastic solution is expected
as)' -+ 00, a simple extrapolation procedure is used as shown in the auxiliary plots in Fig. 5.
The apex displacement w is plotted as a function of IJy at two selected levels of internal
pressure, 450 and 500 psi. For instance, the deflection at 450 psi for the four different values
of)' are plotted and joined by a curve which can then be extrapolated to obtain a value of w
at II)' = 0, i.e. )' = 00. In this case, the extrapolated curve indicates that the apex displace
ment at 450 psi internal pressure would be about 0.265 in. for an elastic-plastic solution.
Similarly, an apex displacement of about 0.6 in. is predicted at 500 psi for an elastic-plastic
pressure head. This procedure may be used to obtain the elastic-plastic apex displacement
at any desired load level.
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This pressure head was also analyzed for elastic-plastic behavior using the second method
described in Section 4.3.1 in which time is used as an artifice in the viscoplasticity solution.
The elastic-viscoplastic solution for)' = 400 sec. -1 given in Fig. 5 was carried out until the
internal pressure reached the value of 450 psi. Then the solution was allowed to progress
with time towards a steady state elastic-plastic solution. Figure 7 shows the displacement
time curve reaching a steady state at about 0.265 in. and this is also indicated in the load
displacement graph in Fig. 6. The elastic-plastic solution of Section 7.1 is also plotted in
this figure. The pressure was then increased to 500 psi using 10 psi increments in the visco
plastic analysis. Once again, displacement was allowed to increase with time in an artificial
viscoplasticity solution. The solution reached a steady state at about 0.61 in., as can be
seen from Fig. 7. It may be observed now that these steady state elastic-plastic displace
ments compare excellently with the results obtained by extrapolating for)' tending to infinity.

Comparing these results with the elastic-plastic solution taken from Section 7.1 it appears
that this pressure vessel has an even softer behavior and lower collapse load than indicated
by the extremely refined elastic-plastic solution. Hence, caution must be exercised before
accepting such an analysis to have converged if the results therefrom are to be used for
design purposes.

This example clearly demonstrates the capability of the viscoplastic analysis program to
arrive at elastic-plastic solutions. The approach using a large value of)' in the viscoplastic
analysis appears to be more economical than the other in which stress redistribution leads
to steady states. This is due to the well known disadvantage of the initial strain formulation
which requires the latter scheme to use a large number of pseudo-time steps or iterations,
especially as the stiffness becomes very small. In the present example, both approaches,
however, required about the same amount of computer time because four analyses (using
different)' parameters) were used for the extrapolation technique. In contrast to these
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methods, the direct analysis using the theory of plasticity required substantially less com
puting effort. Nevertheless, in the case of important and sensitive structures, it is desirable to
have independent alternate methods which may be used to verify the accuracy and reliability
of any particular analysis. Furthermore, the viscoplasticity approaches might be rendered
competitive if automatic stepping techniques [I 3] are implemented to find the optimal time
increment to be used at any time.
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AOCTpaKT - B nepBbIH pa3 ):\aeTCli 06mall <1JopMyJIlfpOBKa aHaJIlf3a 60JIbmlfX ):\e<lJ0pMal.\IfH
):\JIli nJIaCTlf'leCKIfX If B1I3KOIIJIaCTIf'leCKIfX 3a):\a'l. Orrpe):\eJIHIOTCH ypaBHeHIfH paBHOBeCIfH 1f3
Baplfal.\IfOHHOH <1JOpMyJIlfpOBKIf rrplfpameHIfH, Ha OCHOBe crroc06a J1arpaHlKa OlllfCaHlfH ):\BlflKe
HIfH. Bo Bcex KOHCTIfTYTIfBHbIX 3aBlfClfMOCTHX rrplfMeHHIOTCH CIfMMeTplf'leCKOe HarrpHlKeHlfe
nlfoJIH-Klfpxro<lJ<lJa If ):\e<lJopMal.\IfH J1arpaHlKa. nyTeM IfCrrOJlb30BaHlfH Bblp0lK,l\eHHbIX
1f30rrapaMeTplf'leCKIfX :meMeHTOB, KOTopble ):\alOT B03MOlKHOCTb peJIHKCal.\1f1f rlfIl03bI Klfpx
ro<lJ<lJa-J1aBa, cnel.\lfaJIlf3lfpyeTcH rrp0l.\eCC paC'IeTa ):\JIH aHaJIlf3a KOHe'lHOrO :meMeHTa 060JIo
'1eK BpameHIfH, rrO):\BeplKeHHblX ):\eHcTBIfIO oceclfMMeTplf'leCKOH Harpy3KIf. .ll:JIH perneHIfH
JIlfHeaplf30BaHHbIX ypaBHeHIfH paBHOBeCUH ):\JIli rrplfpameHIfH rrplfMeHHeTCH rrpe06pa30BaHHbIH
MeTO):\ rrplfpameHIfH, KOTOpbIH IfCrrOJIb3yeT IfCrrpaBJIeHlfe paBHOBeCIfH ):\JIH KalK):\oro mara.
.ll:alOTcli ):\Ba rrO):\XO):\bI K pemeHUIO ):\JIH rrplfCIIOCo6JIeHlfH <1JOpMyJIIfPOBKIf B paMKax BH3KO
rrJIaCTIf'lHOCTIf, C l.\eJIblO IfCrrOJIb30BaHlfH HeBH3KlfX perneHIfH Teoplflf rrJIaCTIf'lHOCTIf; O):\IfH,
3aKJIIO'IalOm1fH B ce6H 3KCTpaIlOJIlIl.\1f1O pe3yJIbTaTOB, Kor):\a K03<lJ<lJIfl.\lfeHT BH3KOCTif CTpe
MUTCH K 6eCKOHe'lHOCTIf If ):\pyrOH, B KOTOpOM rrOJIY'!aIOTCH pemeHIfH ):\JIH rrJIaCTIf'lHOCTIf,
rrplfMeHHH BpeMH KaK 1f306peTeHife B aHaJIU3e BH3KOnJIaCTIf'lHOCTIf, rrOKa ):\OCTlfraIOTCH
COCTOHHIfH paBHOBeCIfH ):\JIH KalK):\oro rrocTyrraTeJIbHOrO ypOBHH Harpy3KIf. npe):\CTaBJIHeTCH
rro):\p06Hoe IfCCJIe,l\OBaHlfe HeJIIfHeHHOro 1I0Be):\eHIfH Topoc<lJeplf'leCKOrO cocy):\a ):\aBJIeHIfH, C
l.\eJIblO IfJIJIIOCTpal.\1f1f 3<lJ<lJeKTlfBHOCTif '1IfCJIeHHbIX MeTo):\oB.


